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Abstract  

Recent experimental evidence has shown that polymer 

chains compress in flow at semi-dilute concentrations. 

It has been assumed in all models of polymer flow 

behaviour that the chains extend in flow. A new model 

of polymers in flow in semi-dilute solution is presented 

where the chains compress. The chains are modeled as 

simple Hookean dumbbells exposed to compressive 

hydrodynamic forces. Equating the hydrodynamic 

and elastic forces predicts chain compression with 

shear rate. The model predicts both the power law 

behaviour observed for polymer shear thinning and 

the measured decrease in radius with shear rate with 

reasonable accuracy.  
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1. Introduction 

Polymers in both solution and melts contribute a 

significant class of materials in which elasticity is of 

particular fascination
1
. Understanding the flow 

behaviour of polymeric solutions has long been the 

quest of soft condensed matter. Polymer science pro-

gresses the tradition that single macromolecule dy-

namics may be used to determine and  interpret the 

macroscopic material behaviour observed for these 

systems
2-4

. The elegant statistical mechanical models 

of single polymer chains combined with their 

generalisation using scaling arguments appear to 

predict the variation of chain solution size with 

molecular weight and concentration
4, 5

. Furthermore, 

the Theory of Rubber Elasticity that is based on the 

same physics predicts the elastic behaviour of rub-

bers over a wide strain range
6
. Importantly, the 

“Rubber Theory” predicts both the compressive and 

extensional behaviour of rubbers
5
. This agreement 

between the theory and experiment, albeit at 

“infinite” molecular weight and high polymer con-

centration with excluded volume interactions neg-

lected, gives confidence that the fundamental tenets 

of the theory are correct.  However, current models 

of polymers in flow require considerable effort to 

reconcile theory and experiment. Classical bead-

spring models qualitatively predict shear thinning 

behaviour in dilute solution and have been used to 

model the chains at higher concentrations
7-10

.  

A founding assumption of all current models of 

polymer flow  is that the chains extend in flow in 

response to the hydrodynamic forces
7-10

. Recent 

experimental evidence shows that synthetic polymer 

chains compress in Couette flow at semidilute con-

centrations
11-15

. Recent studies on semidilute DNA 

solutions show tumbling occurs
14, 16, 17

. It appears 

that the general assumption of chain extension in 

flow may not be valid for concentrations above 

critical overlap
11-15

. Furthermore, recent Brownian 

dynamics simulations have also predicted chain 

compression (in dilute solution) where excluded 

volume effects are neglected and hydrodynamic 

interactions are accounted for
18, 19

. While these si-

mulations have been done for dilute chains, the 

neglect of  excluded volume effects and inclusion of 

hydrodynamic interactions embodies some of the 

physics of concentrated solutions. Furthermore, it is 

worth noting that Kuhn originally proposed that both 

extensive and compressive hydrodynamic forces act 

on the chains as they tumble in Jeffrey orbits
20, 21

.  

 

2. Theory 

A new model of polymers in flow in which the 

chains compress in flow in the semi-dilute concen-

tration region is proposed. The polymer molecules 

are modeled as space filling blobs. The blobs behave 

as individual random chains that compress into 

themselves as the concentration is increased above 

critical overlap, (C*). A recent study has shown that 

in the semi-dilute concentration range, mixing and 

comensurate entanglement is thermodynamically un-

favourable
22

. The lowest free energy state of the 

chains is compressed into themselves and not 

interpenetrated and mixed as has been previously 

assumed
19

. The non-entangled chains are then 

assumed to simply tumble and compress in response 

to the applied shear stresses as has been observed 

experimentally
12, 13

. For the semi-dilute solution, the 

extensive hydrodynamic force is countered by the 

surrounding chains (the presence of the neighbour-

ing chains restricts any extension) and the net effect 
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is that compression occurs in flow. A minimum en-

tropy production argument using steady state ir- 

reversible thermodynamics is required to prove if 

compression is responsible for shear viscoelasti-

city
23,24

. Coil compression would however lead to 

reduced friction in the system and therefore reduced 

entropy production through viscous losses. 

Excluded volume effects are considered isotropic 

throughout solution and not incorporated in the 

model as previously discussed
3
. The macromole-

cules are treated as ideal chains in concentrated 

solution as first proposed by Flory
3
. 

In steady state flow the compressive hydrodyna-

mic and elastic forces on the dumbbell are equated:  

   
hydel ff 

 
        [1] 

The elastic force for the ideal chain is a function 

of the mean square average end-to-end distance, r, 

as derived previously
25

: 
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Where kB is Boltzmann’s constant, T the absolute 

temperature, r, the magnitude of the change in the 

average end-to-end vector, N the number of freely 

jointed segments and a the segment length. The 

equation for the ideal chain is used to describe the 

Hookean spring connecting the beads of the dumb-

bell. Equation 2 is effectively for the chain in a 

theta solvent with correct form for the elastic 

response of the random chain
26

. The generally 

accepted form uses only the first term in the bracket 

in Equation 2
2, 4, 5, 7

. Using only the first term for 

the Hookean force law requires that the force is zero 

when the end-to-end distance is zero. This is not 

physically the case as the chains have a finite size at 

zero force
6, 25, 26

. The use of the generally accepted 

form essentially excludes compression from occur-

ring
25, 27

.  

The maximum hydrodynamic force on the 

dumbbell is a modified Stokes drag:  

 



fhyd  6
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Here the viscosity of the polymer solution is ƞ, 

   the shear rate experienced by the chain and r the 

magnitude of the average end-to-end vector as 

defined above. The use of r
2
 arises from the 

assumption that the size of the chain determines the 

effective spring length while the hydrodynamic 

Stokes drag is also a function of the blob size to 

yield an r
2
 dependence of the hydrodynamic force 

on the dumbbell chain
10, 20

. Both the spring size and 

the bead size are proportional to r so the approxi-

mation is made that the hydrodynamic force varies 

as r
2
 in accord with the original derivation of the 

hydrodynamic drag by Kuhn
20

. Equation [3] is then 

simply the maximum extensive or compressive force 

as first derived by Kuhn in his 1933 paper
20

. The 

direction of the hydrodynamic force on the dumbbell 

is assumed  compressive in nature. Equation 3 con-

tains no angular dependence and represents the ma- 

ximum extensive or compressive force. Extension 

has been assumed in the literature
2, 4, 7, 8, 10, 28, 29

. 

Equating  [2] and [3] and using r =(Na
2
)

1/2
 yields:  

  



r3 
kBT

6
             [4] 

Which requires that the average end-to-end 

distance of the chains decrease with increasing shear 

rate.  The viscosity ƞ experienced by the individual 

chain is not constant, rather is a function of r and 

will reduce as the chains contract in size. It should 

be noted that the explicit solution for [4] only exists 

for chain compression with increasing shear rate. 

To first order the viscosity, ƞ, is approximated by 

a modified version of Einstein’s equation:  

   



 ~0                  [5] 

       
where the ƞ0  is the effective solvent viscosity and 

  the volume fraction of the chains.  We assume that 

any change in   is small and that     . While 

Einstein’s equation is strictly only valid for dilute 

solutions the approximation used here is that the 

surrounding chains act as an approximately constant 

solvent viscosity. This is obviously an approxi-

mation and a full calculation would require the use 

of higher order terms in the so called Batchelor 

equation
30, 31

. By substitution into Equation 4 we 

obtain the following relationship: 

So that 



 ~ 








1
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           [6]  

      
The power law model for shear thinning systems 

is
32, 33

: 



 ~ 







n

                       [7] 
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Values reported for polymeric systems range 

between n ~ -0.2 to -1
32-34

. Interpretation of the data 

presented by Stratton indicates that for mono-

disperse polystyrene, n = -0.82
32

. The value of n=1/2 

predicted by the model is well within the range of 

accepted values for shear thinning polymers
34

. 

The radius dependence with shear rate is then: 

 



r ~ 







1/ 6

           [8] 

     

3. Discussion 

The shear rate dependence of the radius has recently 

been measured and is plotted on a log-log scale in 

Figure 1
13

.  

 

 

Figure 1. A log-log plot of the data for the end-to-

end distance r versus shear rate for 49kD FRET 

tagged PMMA in Couette flow
13

. The line of best fit 

yields an inverse 0.08 power of the radius with shear 

rate. The fitted equation is: log r = -0.08ln(γ) +0.68 

with R
2
 = 0.81. The error bars are indicated by the 

size of the circles.  

 

The data presented in Figure 1 is for time resolv-

ed FRET measurements on end tagged PMMA as a 

molecular tracer in a matrix of untagged PMMA at 

~2C*
13

. The measured dependence of the decrease in 

the radius with increasing shear rate (power law of -

0.08) is in reasonable agreement with the model 

prediction of -0.16 derived in Equation 8. Further-

more, the model predicts a power law for the 

viscosity of -0.5 close to the range observed for 

polymer solutions which vary from -1.0 to -0.2
32-34

. 

Given that the model uses a first order approxi-

mation for the Einstein equation, and the theta 

condition the model appears a reasonable fit to the 

dependence of the radius and viscosity with shear 

rate. A modified version of the elastic force law 

would be required to account for the good solvent 

condition. This would decrease the rate of decrease 

in r and ƞ with shear rate to diminish the difference 

between the predicted and measured values. Also a 

correction to the Einstein equation for interactions in 

the higher order terms would yield lower values of 

the predicted power law as less decrease in r would 

result in the same change in viscosity. However, the 

predicted and measured decrease in radius with 

shear rate are in reasonable agreement given the use 

of the first order Einstein equation to allow an 

analytical solution to the equations.  

The model presented is where the chains behave 

as simple blobs, modelled as Hookean dumbbells 

which compress into themselves with the application 

of shear. For this approach, the “relaxation time” of 

the system will increase with increasing shear rate 

and is therefore consistent with the physics of the 

problem. Bird and Deaguir have proposed a model 

for concentrated polymer solutions in which 

extension of the dumbbells is assumed
10

. Extension 

of the dumbbells would require that the expanded 

chains interpenetrate in flow or align in the flow 

direction. The alignment in the flow direction would 

also lead to a reducing viscosity with increasing 

shear rate. However, recent experimental evidence 

has shown that in semi-dilute solutions the chains 

compress in Couette flow
11-15

.  

 

4. Conclusions 

The model for polymers in flow is presented where 

the chains behave as elastically deformable dumb-

bells that compress in simple shear flow at semi-

dilute concentrations. Simply equating the elastic 

and hydrodynamic forces on the dumbbell enables 

the power law behaviour observed for shear thinning 

and the reduction in end-to-end distance with shear 

rate to be predicted with reasonable accuracy. 

Physically the model is consistent with the observed 

rheology of polymer solutions which is attributed 

here to compression of the chains in flow rather than 

the previously assumed extension. Development of 

the model using the assumption that the chains 

compress will enable simple prediction of polymer 

visco-elastic behaviour including the power law for 

shear thinning.  
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